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Notations

Traditional name

Associated Welerstrass sigma function

Traditional notation

Snfiz, g,, 03l

Mathematica StandardForm notation

Wi er strassSi gmaAn, z, 9g,, 0;=E

Primary definition

09.16.02.0001.01
a-hZ gz +wp; gy, gsl
Snfz, gp, g3l ;
SHwy; 0o, O3l

n, 81,2 3 8wy, Wy, Wa<  8wiHgo, gal, —Wqld, gl — Walgo, gsl, Walg,, gsl<  hn  zHwp; g0, 93l n, 81, 2, X

Specia notations for thisfile:

09.16.02.0002.01
8w, Wa<  Bwildp, Qal, Waflgy, gsl<

09.16.02.0003.01
8wy, Wo, W< 8widy, dal, —WiHdy, gsl — Waligy, gsl, Wallgy, gal<

09.16.02.0004.01
€& hwn g, gl n_ 81,2 X

09.16.02.0005.01
hn  zHwn; g2, 93l N 81,2, X

09.16.02.0006.01
p Wa]

Wi

q exp(

Specific values

Specialized values

For fixed z
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Degenerate case:

09.16.03.0001.01
Sz 0,00 1 ;n_81, 2 X

For fixed 8g,, gs<

Values at half-periods

09.16.03.0002.01
SjH0 g, gsl 1), 8L, 2 X

09.16.03.0003.01
sif2mw; +2nws; gy, gsl ¥ 8mmx Z 0 j 81,2, X

09.16.03.0004.01
Snlwj; g, 03 05, 81,2 X

09.16.03.0005.01
sSil2Zm+ 1w +2nwj +2rw; gz, gall 0 ;8mn,r<_Z 8i, j, ke 81,2, 3K i,,],,k

09.16.03.0006.01
SHwy; g2, g3l
Silwj; gg, gall @MY —————— 80, k<, 81,2,3¢ i, ],k
SHwi; Go, sl
09.16.03.0007.01
SjHwi; g2, gsl Sihwi; 02, gal anvi g k<, 81,2,3 i, ],k

09.16.03.0008.01
Sitwi; g2, g3l

ahiwi g j, ke, 81,23 i, j,k
Silw;; Go, gall SkHw;; 2, dal

09.16.03.0009.01
SHwy; g2, gsl

SIWj; G2, gall Sjiw;; G2, Osl

amWi o gi k<, 81,2,3¢ i, j,,K

09.16.03.0010.01
Sjtwi; g2, gal? o o
—— &-6 8, < 8L, 2, X i,,]
shwi; ga, 93'—2

General characteristics

Domain and analyticity

Sz, @o, gal, n_ 81, 2, X are an entire analytical functions of z, g,, and gs, which are defined in C3.

09.16.04.0001.01
Hn*z*8g,*gs<l  SpHz, 0o, gsl H81,2,XTCT8CTCL C

Symmetries and periodicities

Parity
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sniz, 92, gal, n_ 81, 2, 3< are an even functions with respect to z.

09.16.04.0002.01
Sii-z 0o, 03l Sz g, 03l ;N 81, 2, X

Mirror symmetry

09.16.04.0003.01
Sz, @2, Gsl  Snfiz G, 9l SN 81, 2, X

Periodicity
sz, 92, gal, n_ 81, 2, X are aquasi-periodic functions with respect to z.

09.16.04.0004.01
SHZ+ 2Wp; Gp, Ggl  —32MZWal g k7 g gal 1N, 81, 2, X

09.16.04.0005.01
Snlz+2wj; gp, g3l 22N P sz gp, gal 580, j< . 81,2, n,, |

09.16.04.0006.01
Si 1Iz+2 mWi +2 nWj +2r Wk; g2, g3M H_anr+r m+mn+m aZImhi+nhj+r hkMIz+mwi+nwj+rwkM SiHZ; g2, g3|. :

8i, j, ke 81,2, i,,j,,k 8mnir<_2Z

Transformation of half-periods

09.16.04.0007.01
S1Hz; goHawy + bws, cwy +dwsl, gaaw, + bws, cwy + dwall
S,z gofawy + bws, cwy +dwsl, galaw, + bws, cwy +dwsll
Sz goHawy + bws, cwy + dwal, gsfaw, + bws, cwy +dwsll  S:HZ; golwy, Wal, gatwg, will
S,HHZ; golwy, Wal, gshwy, Wall S3Hz; goHwy, wal, gatwy, wall ;8a, b, c,d<_ Z ad-bc -1

Homogeneity

09.16.04.0008.01
snfill Z gl wy, Twal, gail wy, Pwsll  SpHz; gofwy, wal, gatwy, wall ;n_ 81, 2, X

09.16.04.0009.01

Oofwy, Wal  gsfwy, wal
sl Z gl wy, Twal, gl wy, Twall  spf 1z ” , . ;n_ 81,2 X
| |

Poles and essential singularities
With respect to z

For fixed @, 03, the functions sjfz g, gal, j . 81, 2, 3< have simple poles at the points
zZ 2mw;igy, gl + 2nwshgy, gsl, 8m, n< _ Z.

09.16.04.0010.01
Singzlstz; O, Qs 8882mw; +2nwg, I< ;8m, <k | Z« ;j 81,2, X
Branch points

With respect to z
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For fixed gy, g, the function sz, g, gsl, j . 81, 2, 3< does not have branch points.

09.16.04.0011.01
BP.Isilz gy, gall & ;j_ 81,2

Branch cuts
With respect to z
For fixed gy, g3, the function s;Hz; g2, gsl, j . 81, 2, 3< does not have branch cuts.

09.16.04.0012.01
BC Isjiz 0o, gl & ;j_ 81,2, X

Series representations

g-series

g-seriesfor logarithms

09.16.06.0001.01

h, 2 pz ¥ g2« ,(kpz
loghs iz, gp, gall —— + Iog(cos(—))+4 H-1tk ——sin (—)
2w 2w, =1 k11 - oK 2w,

09.16.06.0002.01

h, 2 ¥ g _,(kpz
logHSHZ G, Gsll —— +4  H-1K—— gn —)
2wy, k11 - g2 2w,

09.16.06.0003.01
hZ ¥ o (kpz
logissfz; 9o, gsll ——+4  ——din [—]
2w1 o k11 - oPM 2w,
Other series representations

09.16.06.0004.01

12
Sz gp, Gsl  zexpl -  — —||-e+—+ Hj+1A .
j=2 2} mn=—x H2mwy +2nwsl?) v mn=—¥ H2mw; +2nwsl?1*2
8m,rx,,80,0< 8m,ns,,80,0¢<
i, 81,2 3

Product representations

Infinite products involving trigonometric functions

09.16.08.0001.01
. 2.pz
h 2 pz) ¥ stmN o o
Sifiz; 02, gsl  exp| — COS(—] 1- AT P8, <, 81,23 i,,j
2w 2Wi) e[ cos2) Ly

Wi
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09.16.08.0002.01

h 2\ ¥ sianZPTZjN
siliz, gz, gal EXD[—] 1- ——— | e 8,23 i, ]
Wi Jn=1 cos2)—N
Wj
09.16.08.0003.01
h 2) ¥ 9”2~‘2p—vij
Silz;, gp, dal exp[—] 1—7pW 80, j ke, 81,2,3K i,,j,kK
Wi ) =1 (:oszJZ”Z'1 W—ka
]

Infinite products involving exponentials

09.16.08.0004.01

e ¥ z z 2
SifiZ, 02, Gsl  expl - — 1- exp + ;
2 ) ey 2mw +2nw; - W 2mwy +2nWo - Wi 2H2mwy +2nw, - wil?

8m,r,,80,0¢

i, 81,2 X

Infinite products involving q, trigonometrics and exponentials
09.16.08.0005.01
2 pz 2 pz
pz hy2\[ ¥ 1+a " expl=JN % 1+ expl =N
SR L s

Wi

2W1 n=1 1+q2” n=1 1+q2n

09.16.08.0006.01

pz
] p[“lzz] v redies,

S1hZ; g, gal 00{2— ex

W1 2 Wq

2
n=1 11+ g2
09.16.08.0007.01

hy 2

SoHiz 9o, g3l exp[—]
2wy

¥ 1+ expl- 20 (% 1+ expd 22N

2n-1 2n-1
n=1 1+ q n=1 1+ q

09.16.08.0008.01

h, 2) ¥ 1+26°" coslpfli+qtn2
Sz, Gz, Gl exp[—] :

2W1 n=1 11+ q2 n—lM2

09.16.08.0009.01

hy2\[ ¥ 1- 0" expl- BAN) (% 1- 0P expd AN
S3fz G2, g3l exp T

Wy =1 1- q2 n-1 =1 1- q2 n-1

09.16.08.0010.01

h; 22

S3liz; gz, g3l exp[—]
2w,

¥ 1-2m1 cos]%N +qgtn2
1

n=1 11- q2n—lM2

g-products for half-period values
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09.16.08.0011.01
Sifwy; G, g3l O

09.16.08.0012.01
NG hyWy [ ¥ 1-q2n1 2
Sifwy; G, Gal - exp( )
2 \4/6 2 w1 14020
09.16.08.0013.01
1 h3W3 ¥ 1+q2n—1 2
Sifws; Go, Gal exp( )
2 \A/E 2 w1 14020
09.16.08.0014.01

hywyy (¥ 1-g2nL 2
Sofwy; G, Gal exp( )
2 Mg 1+ 2™

09.16.08.0015.01
Soiwa; g2, g3l 0

09.16.08.0016.01

2
h3W3 ¥ 1+q2n
Soliws; g2, gl Z%exp( > )[

2n-1
n=1 1+ q

09.16.08.0017.01
h1W1) ¥ 14qenl 2
2 =1 1- q2 n-1

Ssafwy; O, Gal EXD(

09.16.08.0018.01

2
h2W2 ¥ 1+q2n
SaWa; G, gl 2«/_\‘ﬁexp( . )[

=1 1- q2 n-1

09.16.08.0019.01
Satws; gz, sl O

Transformations

Addition formulas

Trandation by half-periods

09.16.16.0001.01
_ SifWi; G2, Gal Sifiwi; 0z, g3l SHZ, g2, Gsl

silz—wi; gp, gl & 8L, k< 81,2, 3% i,.j..k

Shw;; o, gal
09.16.16.0002.01

Sifz—w;; g2, gal al‘hlzstwi; O, O3l SiHz 0, sl 81, j, ke 81,2, X i,,j,.K

09.16.16.0003.01
Silizy +2; O, GaL Siflz - 2, Gp, Gl Size; Gp, G3L% Sitiz; O, Gal® - I — ejlite — &l SHz;; Gp, Gsl® Shz; O, Gal®
Bi, jke. 81,23 i, .k
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09.16.16.0004.01
Szy + 2; Op, Gal SHzy — 2 G2, sl Shzy; O, G3L2 Silizy; o, U3l2 — SHZ; Gp, Gal? Silza; G2, Gal? ;i . 81, 2,

09.16.16.0005.01
Sifizy + 2 O, GaL Sifzy — 22, G2, Gal  Size; Oz, G312 SHZ; Gp, Gal? - 16 — e)ll SHzp; 02, Gsl? Sihizy; O, G3L2
B, i, ke, 8L, 2% i, .k

09.16.16.0006.01
Silzy + 2; 92, O3l SHzy - 25 G2, sl SHzy;5 02, Gal Sillzy; 02, Gal Sjiz; 02, Gal SifiZp; G2, sl -
SHZy; Go, Gal SiiZo; Go, Usl Sifze; G, Gsl SKhza; Gz, Gal 5 8, j, ke 81, 2,3 i,,],,k

09.16.16.0007.01
SiHzy + 25 Oz, Gal Sjizy — 255 02, O3l Shzs; G2, Oal Sjhizs; G2, Gl Siflze; 02, 93l Sjiz; 02, ol +
le; — elistzy; Oz, O3l Silzy; Qo Qsl SHZy; 02, Q3L SiHZo; O, sl 80, j ke, 81,2, X i, ),,K

Related transformations

Halving half-period

09.16.16.0008.01

Wy Wy ez stz g5, gl
51(2; gz(—, Ws), 93(—, Ws)) expl — || s1fz gp, gal? - MM ————
2 2 2 Shwy; gz, gal?

09.16.16.0009.01

Wy W e 2 shz, g, gsl?
Sz(Zi gz(—, W3)v 93(—, Ws)) expl — |[sifz gz, gal2 +8MM ————
2 2 2 Shws; gz, g3l

09.16.16.0010.01

W1 Wy ez
53(Zi gz(?, Ws)y 93(?, Ws)) EXp) T SoiZ, g, 93l Safiz 0o, Gl

Third of half-period

09.16.16.0011.01

Fol5wpol5m)) ez 5o w)-2m)
Si|Z G| — W3 |, Qo[ — Wa|| ex — % O3] -22
|92339333 P 39293 1
2w, 4w, 2wy 4w, ]
(SiHZ 02, Gal Si(z"' Ti 92, 93] Si(z"' ?i O, 93]] (Si[T; 02 93) Si(?; O, 93)] i 81,2, X

General fractions of half-periods

09.16.16.0012.01

sfeaf%m)of )

H2k-n+1lw; |
in-1lzh, ™12 (2kw, 2k = n+ 1Lhy z)) "1 S1JZ+ ——— G2, G5l .
expl————+ | = [ ;gz,ga]— - ;n_ N
k=1l 2 n k0 S gy, gl
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09.16.16.0013.01

sfeaf % m)of )

H2k-n+1lw; |

in—1lzh, ™12 (2kw; K2k - n+1Lhy z)| "t S292+ ——— 0o, Gal
expl———+ |7 y 02, O3] - ” in, N*
e 2 : k=0 Sﬂ%i g2, Gal
09.16.16.0014.01
2kw,

wy wy 12 (2kwy 2khy )1 SadZ+ —= G2, Gsl .
53(2; 92(7‘W3)1 gs(F,Wsj) exp - [ . ; O2, 93]— o ;n_ N

kel 2 k=0 S3l —anwli 02, gall

Identities

Functional identities
09.16.17.0001.01
Sifz gz, 0sl? - SiHZ; 0, Gal®  lej — 6l Stz gy, gal? 58, j<_ 81,2, i, ]
09.16.17.0002.01
lex — el SiZ; Oz, Qal? +Hie — L SjHZ Op, Gal® +1gj — @l Sz g, Gal> 0 580, <, 81,2,3K i,,]

Differentiation

Low-order differentiation

With respect to z

09.16.20.0001.01
sniz, 9o, Q3L

iz

09.16.20.0002.01
% snfiz, g, g3l

12

Snltz, Gp, gsl HZHz+Whn; g2, gal — hil

Snlz, 9y, 93l IHh, — zHz + wy; 0y, ggLL2 - "Hz+wp; g, galll

Symbolic differentiation

With respect to z

09.16.20.0003.01

1
ﬂnSmHZ! 921 gSL H2W1L1_n pn_z o [ ) 1 ]3 | [1 1 L J 2- J HZ_'_WmL2 ZHWI; g2! g3L](n)(
2o = 4L ;
]

12 Sz G, 03l (e 1- %) oo 27 2 2wy J

¥

_ 1
H-11K g+ j2 k + 2™ sin[— Hp HHn — jLwy +H2k + 1L Hz+WmLLL) —NmSmiz, g2, g5l ;n_ N*

k=0 2wy

Representations through equivalent functions
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With related functions

Involving other Weierstrass functions
09.16.27.0001.01
SHZ 05, g3l SHZ 0o, Oslr/ HZ G, gsl-€ ;i 81,2, X

09.16.27.0002.01

Sifiz; gz, gal?
————— Wz gy 0sl-g ;i 81,2 X
stz g5, Gal?

Involving theta functions

09.16.27.0003.01

11 (¥ 1 h, 2 pz
Sifz g, 03l - — —|exp| — Jz(—, q)
2 37q e 11= gL+ 62N 2w, | 2w,
09.16.27.0004.01
¥ 1 hy 2 Pz
Sofiz; g, g3l expl — Js(—, )
n=1 |1_q2nM|1+q2n—1M2 2W1 2Wl
09.16.27.0005.01
¥ 1 h, 2 pz
Saiiz; 92, g3l expl — 34[—, q)
n=1 |1_q2nM|1_q2n—1M2 2W1 2Wl

09.16.27.0006.01
Pz
h122 J'+1sz1'qN

SiHu; 9o, 03l expl — | —— ;i 81,2, X
2wy | JiqH0, gL

Zeros

09.16.30.0001.01
sill2m+ 1w +2nwj +2rw; g, gall 0 ;8mn, < Z 8i, j, k¢ 81,2, 3 i,,j,k
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